Abstract. Free field theories on a four dimensional, globally hyperbolic spacetime, whose dynamics is ruled by a Green hyperbolic partial differential operator, can be quantized following the algebraic approach. It consists of a two-step procedure: In the first part one identifies the observables of the underlying physical system collecting them in a * -algebra which encodes their relational and structural properties. In the second step one must identify a quantum state, that is a positive, normalized linear functional on the * -algebra out of which one recovers the interpretation proper of quantum mechanical theories via the so-called Gelfand-Naimark-Segal theorem. In between the plethora of possible states, only few of them are considered physically acceptable and they are all characterized by the so-called Hadamard condition, a constraint on the singular structure of the associated two-point function. Goal of this paper is to outline a construction scheme for these states which can be applied whenever the underlying background possesses a null (conformal) boundary. We discuss in particular the examples of a real, massless conformally coupled scalar field and of linearized gravity on a globally hyperbolic and asymptotically flat spacetime.
Introduction
Quantum field theory on curved backgrounds has witnessed a period of renaissance in the past twenty years. From a physical perspective, cosmology is acquiring an everyday greater relevance, mostly on account of the expected, upcoming plethora of experimental data. The models with which these should be compared are often aimed at the description of the dynamics of the evolution of the early Universe and are mainly based on fields living on homogeneous and isotropic manifolds. In this framework quantum effects are expected to play a key role, for example in shaping the fluctuations of the cosmic microwave background.
Studying quantum field theory beyond Minkowski spacetime has shifted from a purely academic question to a concrete necessity and, thus, it has been accompanied contemporary by an increasing interest in developing its structural, foundational and mathematical aspects. In this respect a framework appears to claim the lion's share of interest: algebraic quantum field theory. In a few words, this is a mathematically rigorous approach based on two key steps. In the first, one codifies the observables of the physical system under investigation into a * -algebra A which encompasses the information about the dynamics, locality and causality. In the second, instead, one identifies a so-called algebraic state, namely a positive, normalized linear functional ω : A → C. Via the Gelfand-Naimark-Segal (GNS) theorem, one associates to the pair (A, ω) a triplet of data which in particular identifies a Hilbert space, as well as both a representation of A in terms of linear operators thereon and a unit norm, cyclic vector. In other words one recovers the standard interpretation of quantum mechanical theories. Much has been written about the algebraic approach, especially on curved backgrounds, and we refer an interested reader to the several recent reviews, e.g., [3, 17] .
We will be interested, instead, in a more specific problem. For any given algebra A one can easily construct several algebraic states, but one can hardly call all of them physically relevant. The reasons are manifold and often related to pathological behaviours such as for example the occurrence of divergences in the quantum fluctuations of observables or the impossibility of constructing Wick polynomials, which are the basis to deal with interactions at a perturbative level. Especially for free field theories on globally hyperbolic spacetimes this problem has been thoroughly discussed since already the seventies and by now it is almost unanimously accepted that a state, to be called physical, must be of Hadamard form. Originally it was formulated as a condition on the form in each geodesically convex neighbourhood of the manifold of the integral kernel of the two-point function. Verifying it in concrete cases is rather complicated if not outright impossible and, for this reason, for many years only few examples of Hadamard states were known, e.g., the Poincaré vacuum on Minkowski spacetime and the Bunch-Davies state for a scalar field on de Sitter spacetime. Although generic existence results were known, a cornerstone in our understanding of Hadamard states came from the papers of Radzikowski [28, 29] . He showed that the Hadamard condition is fully equivalent to assigning a precise form to the wavefront set of the bi-distribution associated to the two-point correlation function of a quasi-free/Gaussian state. Despite the necessity of using microlocal analysis, controlling explicitly the wavefront set turns out to be much easier in concrete scenarios and hence, starting from [28, 29] , many construction schemes for Hadamard states were devised. In this paper we review a particular one which originates from one of the possible transpositions in the algebraic framework of the often mentioned holographic principle. Often called also bulkto-boundary correspondence, this constructive scheme was first discussed in [9] and it is devised to work for free field theories on four dimensional globally hyperbolic spacetimes possessing a null (conformal) boundary. The main idea is based on the observation that the generators of the observables of a free field theory are in correspondence with smooth and spacelike compact solutions of the underlying equations of motion. On account of the properties of the Green operators associated to the underlying dynamics, each of these solutions propagates to the null boundary identifying thereon a smooth function. Hence, by constructing a suitable * -algebra of functions on the null boundary, one can identify the algebra of observables of a free field theory with a * -subalgebra of the boundary one. More importantly this entails that each algebraic state on the boundary identifies a counterpart for the free field theory living on the bulk spacetime. The net advantage of this procedure is twofold: On the one hand the boundary usually possesses an infinite dimensional symmetry group, which, exactly as the Poincaré group in Minkowski spacetime, allows to identify a distinguished state thereon. On the other hand, the theorem of propagation of singularities in combination with a control of the wavefront set of the Green operators allows us to prove that such distinguished, boundary state induces a bulk counterpart of Hadamard form.
Up to now this procedure has been applied successfully in several different contexts and for different theories ranging from scalar fields on cosmological spacetimes [10, 11] and on black hole spacetimes [8, 11] , to Dirac fields on cosmological and asymptotically flat spacetimes [13] , to free electromagnetism [15] . It is noteworthy that this procedure allows also for the identification of local ground states [14] and it is suitable to be translated in the language of pseudodifferential calculus, as shown recently in these interesting papers [19, 20, 21] .
Since we cannot go into the details of all these results, we decided to focus our attention on two special but instructive applications of the bulk-to-boundary correspondence. The first discusses the procedure for a real, massless and conformally coupled scalar field on asymptotically flat spacetimes [9] . The second instead aims at reviewing the most recent application of this construction and at showing the additional complications arising for linear gauge theories, namely we shall discuss linearized gravity following [4] .
The paper is organized as follows: In Section 2 we outline the classical dynamics of a real scalar field and the construction of the algebra of fields. In Section 2.1, first we introduce the class of asymptotically flat and globally hyperbolic, four dimensional spacetimes and, subsequently, we discuss the bulkto-boundary correspondence and particularly the construction of a Hadamard state for a massless, conformally coupled scalar field. In Section 3 we focus our attention on linearized gravity and we show how to construct an algebra of fields while dealing with gauge freedom. To conclude, in Section 3.1, we repeat briefly the construction of Hadamard states starting from future null infinity, focusing mainly on the additional problems brought by gauge invariance. On account of the lack of space, we plan to avoid giving detailed proofs of all mathematical statements, referring each time instead to the relevant literature.
Scalar Field Theory
In this section, we shall outline the quantization within the algebraic framework of the simplest example of field theory. First of all we need to specify the class of backgrounds which we consider as admissible and which, henceforth, are referred to as spacetimes. We allow only four dimensional, connected, smooth manifolds M endowed with a smooth Lorentzian metric g of signature (−, +, +, +). Fur-thermore we require (M, g) to be globally hyperbolic, that is M possesses a Cauchy surface Σ, a closed achronal subset of M whose domain of dependence coincides with the whole spacetime -for more details, refer to [31, Ch. 8] . The existence of a Cauchy surface leads to several noteworthy consequences. In between them, we stress that the property of being globally hyperbolic entails that M is isometric to the Cartesian product R × Σ and thereon there exists a coordinate system such that the line element reads
where t : R × Σ → R is the projection on the first factor, while β is a smooth and strictly positive scalar function on R × Σ. Furthermore, for all values of t, {t} × Σ is a 3-dimensional smooth, spacelike, Cauchy surface in M and t → h t is a one-parameter family of smooth Riemannian metrics -see [7] and references therein. Besides a globally hyperbolic spacetime (M, g), we consider a real scalar field φ : M → R whose dynamics is ruled by the Klein-Gordon equation
were m ≥ 0 is the mass, R is scalar curvature built out of g, while ξ ∈ R is a coupling constant. While all values of ξ are admissible and, from a structural point of view, they are all equivalent, two cases are often considered in the literature: ξ = 0, also known as minimal coupling or ξ = 1 6 , the conformal coupling. In this paper we will be interested mainly in this last option, moreover with a vanishing mass. Regardless of the value of m and ξ, the operator P is a special case of a Green hyperbolic partial differential operator -refer to [2] . Hence, the smooth solutions of (2.1) can be constructed in terms of a Cauchy problem, for which smooth initial data are assigned on any but fixed Cauchy surface {t} × Σ. Yet, this approach breaks manifestly covariance and, especially from the perspective of the algebraic quantization scheme, it is more appropriate to adopt a different approach, namely that of Green functions. To this end we introduce a notable class of functions:
is either empty or compact. Here J ± (p) stands for the causal future (+) and past (-) of p.
Following [2, 30] and generalizing slightly the content of [6, 7] , we introduce Definition 2.2. We call retarded (+) and advanced Green operators (-) associated to the Klein-Gordon operator P , two linear maps
and supp (
If we introduce the space of all smooth solutions of (2.1),
advanced and retarded Green operators can be used to prove two important properties of (2.1) which we only recollect here:
• There exists an isomorphism of topological vector spaces between S(M ) and
which is realized by E. In other words, for every φ ∈ S(M ),
• Let S sc (M ) ⊂ S(M ) be the vector subspace of the spacelike compact, smooth solutions φ to (2.1), that is supp(φ) ∩ ({t} × Σ)) is compact for all values of t. Still via the causal propagator, S sc (M ) is isomorphic to
is the collection of smooth and compactly supported functions on M . Most notably S sc (M ) is a symplectic space if endowed with the following weakly non-degenerate symplectic form σ :
where dµ g is the metric-induced volume form, while
Having under control the space of all smooth solutions of (2.1), we can introduce the notion of observable for a real scalar field. Notice that, at this stage, we are still working at a purely classical level. The underlying paradigm is that an observable is nothing but an assignment of a real number to any configuration of a physical system, done in a way which is compatible with the underlying dynamics. At a mathematical level, this heuristic statement can be translated as follows: Let us consider off-shell/kinematical configurations, namely all φ ∈ C ∞ (M ) and, for any f ∈ C ∞ 0 (M ), we define the linear functional
The map F f plays the role of a classical linear observable for the kinematical configurations of a Klein-Gordon field and, from standard results in functional analysis, we can also infer that the assignment f → F f is injective and that the collection of all functionals, built in this way, is separating. This entails that, for every φ, φ
. In order to codify in this construction the information of the dynamics, it suffices to restrict the kinematical configurations to the dynamically allowed,
. In other words we consider now the assignment
While the property of being a separating set is left untouched by the restriction of the configurations allowed, injectivity is no longer valid. As a matter of fact one can prove that F f (φ) = 0 for all φ ∈ S(M ) if and only if there exists h ∈ C ∞ 0 (M ) such that f = P (h). For this reason we identify those linear functionals F f and
To summarize, the space of linear classical observables is
where
, the right hand side being defined in (2.4). On the one hand notice that E obs (M ) is isomorphic to the labeling space
and thus it comes with a symplectic form (2.3). On the other hand we remark that the choice of observables is far from being unique. Our guiding principles have been essentially three: We want E obs (M ) to separate all dynamical configurations, to lack any redundant observable and to be a symplectic space. While in the analysis of a real scalar field, our approach might look as an overkill, which ultimately yields already well-known results, we stress that the paradigm that we used is very effective as soon as we deal with gauge theories -see for example [5] .
Having under control the dynamics of a real scalar field and having chosen a linear space of classical observables is the starting point of the quantization scheme, that we follow. As mentioned in the introduction the algebraic scheme of quantization is based on two steps, the first of which consists of regrouping all observables into a suitable * -algebra. Starting from (2.5), Definition 2.3. We call algebra of fields for a real scalar field, whose dynamics is ruled by (2.1), the quotient
is the universal tensor algebra endowed with complex conjugation as * -operation, where
Notice that, in the definition, we have implicitly used the identification between classical observables and the labeling space
is the symplectic form (2.3). Although much has been written in the literature about F(M ), we want to recall here two of its most important properties, the proof of which can be found for example in [4] . 
We have completed the first part of the algebraic quantization procedure and, thus, we are left with the second and last one. From a more general point of view, given any unital * -algebra A, we call algebraic state a positive and normalized linear functional ω : A → C such that
where I is the unit of A. States are relevant since, in combination with A, they allow for recovering the probabilistic interpretation proper of quantum theories via the celebrated GNS theorem, which we recollect here -see [27, Ch. 14] We are interested especially in the case where the * -algebra is F(M ). In this respect, constructing algebraic states is not a difficult operation and several examples are easily available. Yet, in between all of them, the most part cannot be considered physically acceptable and one of the biggest challenges in the algebraic approach to quantum field theory has been indeed to identify suitable criteria to single out states which yield a good physical behaviour. Especially when one cannot exploit Poincaré covariance to construct a (unique) vacuum state, e.g., when the underlying background is curved, the question is of paramount importance. After long debates it is nowadays almost unanimously accepted that the answer consists of requiring that an algebraic state fulfills the so-called Hadamard condition.
From a physical perspective it amounts to saying that a state is physically acceptable if all quantum fluctuations of the observables are finite and if its ultraviolet behaviour coincides with that of the Poincaré vacuum. The translation at a mathematical level is the following. As a starting point we notice that, since F(M ) is the quotient between T(M ) and I(M ), assigning a state ω : F(M ) → C is equivalent to constructing all n-point correlation functions
⊗n → C fulfilling suitable constraints so to ensure positivity and compatibility both with the dynamics and with the canonical commutations relations. In between all states, most notable are the quasi-free/Gaussian ones, which are characterized by the property of being completely determined by the associated two-point function. With a slight abuse of notation, this is tantamount to choosing a suitable ω 2 ∈ D ′ (M × M ), extending it via the formula:
where n ∈ N. Quasi-free states allow to formulate the Hadamard property as a constraint on the singular structure of the associated ω 2 :
is such that its wavefront set has the following form:
Here, (x, k x ) ∼ (y, k y ) implies that there exists a null geodesic c connecting x to y such that k x is coparallel and cotangent to c at x and k y is the parallel transport of k x from x to y along c. Finally, k x ⊲ 0 means that the covector k x is future-directed.
Unfortunately Definition 2.6 is not constructive and, thus, one might wonder how to build concretely examples of Hadamard states. For many years only abstract existence results or example like the Poincaré vacuum and the BunchDavies state respectively on Minkowski and on the de Sitter spacetime were known, but, in the last decade, many novel construction schemes for Hadamard states, applicable in different frameworks, were devised. In the next section we shall review one of them which is especially suited for those linear field theories built on globally hyperbolic spacetimes possessing a null (conformal) boundary.
Hadamard states from null infinity -I
In this section, we outline a procedure to construct explicitly Hadamard states, sometimes known as bulk-to-boundary correspondence. We will not work in full generality and we will be interested only in a massless, conformally coupled real scalar field, that is the dynamics is ruled by (2.1) with m = 0 and ξ = 1 6 . It is important to remark once more that the procedure, that we outline can be and has been applied to a wider range of free fields and of curved backgrounds, as we have already mentioned in the introduction. Since a full account of all these results would require much more space than that at our disposal, we start by reviewing the first application of this construction method, as it appeared in [9, 25, 26] .
In particular, as starting point, we focus our attention on a particular class of globally hyperbolic spacetimes which are distinguished since they possess an asymptotic behaviour along null directions which mimics that of Minkowski spacetime. Used extensively and successfully in the definition of black hole regions [31] , the most general class of asymptotically flat spacetimes includes several important physical examples, such as for instance the Schwarzschild and the Kerr solutions to Einstein's equations. Here we employ the definition of asymptotic flatness, as introduced by Friedrich in [18] . To wit, we consider an asymptotically flat spacetime with future timelike infinity i + , i.e., a globally hyperbolic spacetime (M, g), hereby called physical spacetime, such that there exists a second globally hyperbolic spacetime ( M , g), called unphysical spacetime, with a preferred point i . This entails in particular, that, for any smooth and compactly supported function f , its image under the action of the causal propagator is supported in the causal future and past of supp(f ). Therefore it will be important in our investigation that future timelike infinity is actually part of the unphysical spacetime, so to be able to control the behaviour of E(f ) thereon. Such requirement can be relaxed particularly if one is interested in studying field theories on manifolds like the Kruskal extension of Schwarzschild where i + cannot be made part of the unphysical spacetime. The price to pay in this case is the necessity to make sure that any solution of the classical dynamics falls off sufficiently fast as it approaches future timelike infinity. This line of reasoning has been pursued in [12] , though we shall not follow it here since it relies heavily on the fact that a very specific manifold has been chosen. On the contrary we work with a large class of backgrounds.
Before proceeding towards the construction of a Hadamard state for a massless, conformally coupled, real scalar field on a globally hyperbolic and asymptotically flat spacetime, we point out a few distinguished properties of future null infinity -see [25, 31] and references therein:
• I + is a three dimensional, null submanifold of M , diffeomorphic to R×S 2 . Furthermore there exists an open neighbourhood U of I + and a coordinate system (u, Ξ, θ, ϕ), called Bondi chart, such that (θ, ϕ) are the standard coordinates on the unit 2-sphere, u is an affine parameter along the null geodesic generating I + , while Ξ is the conformal factor, promoted to coordinate. In this system I + is the locus Ξ = 0 and the line elements reads
• There exists a distinguished subgroup of Dif f (I + ), called the BondiMetzner-Sachs (BMS) group which can be defined via its action on a Bondi frame: If (z,z) are the complex coordinates built out of (θ, ϕ) via a stereographic projection,
, ad − bc = 1, and c.c.
where a, b, c, d
By direct inspection, it turns out that (2.7) identifies the semidirect product SL(2, C) ⋉ C ∞ (S 2 ). Notice that the BMS group coincides, moreover, with the group of asymptotic symmetries of the physical spacetime (M, g) [22] .
We have all the ingredients to implement the bulk-to-boundary correspondence mentioned at the beginning of the section. The basic procedure is based on two key structures. First of all, one defines on top of I + a symplectic space of functions and an associated * -algebra of fields. Secondly one looks for an injective * -homomorphism from F(M ), the algebra of fields defined in the physical spacetime (M, g), and the one on I + . As a byproduct of such an homomorphism, every algebraic state on the boundary induces via pull-back a bulk counterpart. The net advantage is the fact that, at a geometric level, future null infinity comes endowed with the BMS group, which is an infinite dimensional symmetry group, which, exactly as the Poincaré group in Minkowski spacetime, allows to identify a distinguished ground state. In order to implement this programme, let us define:
where dµ I = sin θdudθdϕ. This is a symplectic space if endowed with
Following the same procedure used starting from E obs (M ) in (2.5), Definition 2.7. We call * -algebra of fields on I + , F(I + ) =
T(I + )
I(I + ) , where
Here S(I + ; C) = S(I + ) ⊗ C whereas S(I + ; C) ⊗0 . = C. I(I + ) is the * -ideal generated by the relation ψ ⊗ ψ ′ − ψ ′ ⊗ ψ − iσ I (ψ, ψ ′ )I, where I is the identity in T(I + ). The * -operation is complex conjugation.
At this stage it becomes clear why we chose to work only with a massless, conformally coupled, real scalar field. Since we want to construct a * -homomorphism between F(M ) and F(I + ), compatibility between the canonical commutation relations in I(M ) and those in I(I + ) suggest that we should start from an injective symplectomorphism between (E obs (M ), σ) and (S(I + ), σ I ). In order to relate an equivalence class of compactly supported functions in M and a smooth function on I + , the procedure calls for propagating the former to null infinity via the causal propagator E associated to the underlying dynamics. Yet, one needs to remember that I + is a submanifold of the unphysical spacetime which is related to the physical one by a conformal transformation. In this respect it is a well-known fact that (2.1) is not well-behaved under such map, leading to pathological behaviours at I + if a mass term or a coupling different from ξ = 1 6 is present. On the contrary, as the name conformal coupling suggests, a solution to the massless and conformally coupled Klein-Gordon on (M, g) has the property of staying a solution of the same equation on ( M , g) up to a conformal rescaling. More precisely the following holds true -see for example [9, 31] Proposition 2.8. Let (M, g) be a globally hyperbolic and asymptotically flat spacetime, whose associated unphysical spacetime ( M , g), g| M = Ξ 2 g, is also globally hyperbolic. Let R and R be the Ricci scalars built out of g and g respectively. If φ is a smooth and spacelike compact solution of
, E P being the causal propagator of P .
As a by-product of this last proposition, we have associated to every observable in the physical spacetime a spacelike compact smooth solution of the massless, conformally coupled Klein-Gordon equation on ( M , g). Due to the support properties of the causal propagator, every such solution can be restricted to I + , which is a smooth submanifold of M . The relevant map is
As proven in [25, 26] the following key property holds true:
Proposition 2.9. The application Υ, constructed in (2.10), is an injective linear map from E obs (M ) to S(I + ) which is, moreover, a symplectomorphism. In other words, for every
where σ and σ I are respectively the bulk and the boundary symplectic forms.
Notice that this proposition allows us to extend the action of the projection map Υ at a level of algebra of fields. On the one hand we have automatically built a map from T(M ) to T(I + ), since Υ projects classical linear observables to elements in S(I + ) which are respectively the generating space for the bulk and for the boundary universal tensor algebra. On the other hand, since Υ preserves at the same time the symplectic form, such map is compatible with the ideal generated by the canonical commutation relations on M and by σ I on I + . Since the * -operation is complex conjugation both in the bulk and in the boundary and since Υ leaves it untouched, we have the following lemma: The most important consequence of this lemma is the following: Let ω I : F(ℑ + ) → C be a normalized, positive linear functional, then
is a state for the algebra of fields on (M, g).
As a consequence we can focus our attention on constructing algebraic states directly on null infinity, studying only subsequently the properties of the bulk counterpart, obtained via pull-back. As mentioned before, the advantage is the presence of the infinite dimensional BMS group on I + . Hence the best course of action is to build a quasi-free/Gaussian state for F(I + ) by looking for a BMS invariant two-point function on future null infinity. This problem has been discussed thoroughly in different publications [12, 25, 26] and we report here the main results:
where dS 2 (θ, ϕ) is the standard measure on the unit 2-sphere. Then the following holds true:
1. ω 2,I defines a quasi-free state ω I for F(ℑ + ). In its folium this is the unique BMS invariant state.
2. The state ω . = ι * ω I : F(M ) → C is a quasi-free state for the algebra of fields in the bulk which is
• of Hadamard form,
• invariant under the action of all isometries of (M, g).
Notice that, invariance under all bulk isometries implies that our construction, applied to Minkowski spacetime, yields the Poincaré vacuum.
Linearized Gravity
The bulk-to-boundary correspondence, described in the previous section for a massless, conformally coupled real scalar field can be applied to other free fields and to other globally hyperbolic spacetimes possessing a null boundary. Barring minor technical details, the procedure is always the same except when one deals with non interacting gauge theories, since one needs to control additionally the gauge fixing. There are two cases which are certainly of relevance at a physical level: free electromagnetism and linearized gravity. The first was discussed a couple of years ago in [15] , while the second was only analyzed last year and therefore we review it here, pointing out in particular the additional difficulties compared to the scalar case. We will summarize mainly the results of [16] and of [4] . As in the previous sections, for the lack of space we prefer to avoid giving the proofs of our statements, each time referring a reader to the relevant literature.
We consider still an arbitrary, globally hyperbolic and asymptotically flat spacetime (M, g) with the additional constraint that the Ricci tensor vanishes, Ric(g) = 0. In other words (M, g) is a solution of the Einstein vacuum equations. On top of (M, g) we consider a smooth symmetric 2-tensor h ∈ Γ(S 2 T * M ) where Notice that, in this section, we will alternate between a notation where indices are explicit and one where they are implicit. This choice is related to our desire to avoid whenever possible a heavy notation where multiple subscripts appear.
As much as Einstein's theory comes together with invariance under the action of the diffeomorphism group, so (3.1) comes endowed with the linear counterpart. In other words two solutions h, h ′ of (3.1) are said to be gauge equivalent if there exists χ ∈ Γ(T * M ) such that
. Per direct inspection one can realize that the operator K in (3.1) is not normally hyperbolic and thus one cannot construct smooth solutions using Green operators. Yet, one must keep in mind that, in gauge theories, we are not interested in single smooth solutions but actually in gauge equivalence classes of solutions. Hence, one can start from (3.1) and look for a gauge transformation which reduces the dynamics to that ruled by a normally hyperbolic operator or by one which at least admits Green operators. The following proposition shows that it is indeed possible -see for example [16] :
be the space of smooth solutions to (3.1) and let
, there exists a representative h such that
where Riem is the Riemann tensor built out of g, I is the trace reversal operator such that
In this last proposition we have introduced the standard de Donder gauge and it is noteworthy since P is manifestly the composition of a normally hyperbolic operator with a trace reversal. Hence, adapting Definitions 2.1 and 2.2 to the case at hand, we associate to P the advanced (-) and the retarded (+) fundamental solutions G
Notice that G ± ✷−2Riem stands for the advanced/retarded fundamental solution of the normally hyperbolic operator ✷ − 2Riem. Additionally we call G P = G − P − G + P the causal propagator of P . Yet, contrary to the scalar case, we cannot use only G P to characterize in a covariant way the space of solutions of linearized gravity since we need also to take into account two additional data. On the one hand there is the gauge-fixing condition div(I h) = 0. This can be implemented by suitably restricting the space of admissible initial data, or more appropriately the admissible smooth and timelike compact sections of .2) is not a complete gauge fixing. As a matter of fact, if h is a solution of (3.2), so is every h ′ such that h ′ − h = ∇ S χ, χ ∈ Γ(T * M ) and ✷χ = 0. Adding together these two additional data, one can prove the following [4, 16] Proposition 3.2. There exists an isomorphism between
Having under control the space of dynamical configurations for linearized gravity we can proceed to introducing classical linear observables along the same lines as in Section 2. There are two important differences which we shall point out. First of all we start from all kinematical configurations Γ(S 2 T * M ) and, for every ǫ ∈ Γ 0 (S 2 T M ), we define the linear functional
3)
The map O ǫ plays the role of a classical observable for kinematic configurations. At this stage comes the first difference from the scalar case, namely we need to encode the information of gauge invariance. This can be done by restricting our attention to those functionals of the form (3.3) which vanish on all pure gauge configurations, that is those
Using (3.3) and integration by parts, this entails
The arbitrariness of χ and the non-degenerateness of the pairing (, ) entails that divǫ = 0. In other words, we can introduce the space of gauge invariant functionals
As last step, we need to account for dynamics which can be done by restricting the domain of definition of the observables from Γ(S 2 T * M ) to S K (M ). Identifying once more the space of linear observables with its labeling space, hence L inv (M ) with Ker 0 (div) = {ǫ ∈ Γ 0 (S 2 T M ) | div(ǫ) = 0}, the above restriction entails that Ker 0 (div) includes redundant observables which we need to quotient. As shown in [4] this is tantamount to defining the following as the space of classical observables for linearized gravity:
Notice the second big difference from the scalar case. While E obs (M ) could be endowed with a symplectic form, this is not necessarily the case for L obs (M ), to which we can associate the following pre-symplectic form:
where G P is the causal propagator of P , while ♭ is the canonical, metric-induced musical isomorphism. It is important to stress that it is known that τ is nondegenerate if the Cauchy surface of M is compact -see for example [16] -or on Minkowski spacetime -see [24] . To the best of our knowledge, in all other cases the problem is still open.
Having chosen a space of classical observables entails that we can define a * -algebra of observables associated to the quantum theory. Definition 3.3. We call algebra of fields for linearized gravity, the quotient
where I is the identity in T grav (M ) and τ is defined in (3.5).
Notice that, since τ is not known to be symplectic, we cannot conclude that F grav (M ) is semisimple. Hence it might contain an Abelian ideal, namely there might exists observables behaving classically regardless of the state chosen for F grav (M ). Furthermore one can also show that F grav (M ) satisfies the counterpart of Proposition 2.4 for F(M ): causality and the time-slice axiom. We will not enter into the details to avoid useless repetitions. The next step in our construction will be the identification of algebraic states of physical interest for linearized gravity. While the definition of an algebraic state and the content of Theorem 2.5 are left unchanged, the Hadamard condition requires to be slightly adapted to account for gauge invariance. More precisely, since we will be mainly interested in Gaussian states for F grav (M ), we will be looking for two-point functions ω 2 :
weak bi-solution of (3.1). Yet, since, on account of gauge invariance, L inv (M ) includes only those ǫ ∈ Γ 0 (S 2 T M ) which are divergence free, we cannot ensure automatically that
Additionally we need to take into account that, besides P , also the trace-reversal is present in (3.1). Following [16] , we define a trace-reversal operation at the level of of bi-distributions and, with a slight abuse of notation, we indicate it still with the letter I. Let thus Ω 2 be a bi-distribution on Γ 0 (S 2 T M ) we call trace reversal of Ω 2
g −1 being the inverse metric. To summarize we define [16] Definition 3.4. Let ω : F grav (M ) → C be a quasi-free state. It is said to be Hadamard if there exists a bi-distribution Ω 2 : Γ 0 (S 2 T M ) × Γ 0 (S 2 T M ) → R which is a weak bi-solution of P , its wavefront set has the same form of (2.6) and, for every ǫ, ǫ
Hadamard states from null infinity -II
In this section we will show how the bulk-to-boundary correspondence can be applied to linearized gravity. Hence, from now on (M, g) will indicate a globally hyperbolic, asymptotically flat spacetime with vanishing Ricci tensor and ( M , g) the associated unphysical spacetime. The most notable difference between a massless, conformally coupled real scalar field and linearized gravity consists of the behaviour under a conformal transformation of the equations ruling the dynamics. As a matter of fact, by mapping g to Ξ 2 g, (3.1) transforms in such a way that several terms proportional to inverse powers of Ξ appear. Taking into account that the null boundary of an asymptotically flat spacetime is the locus Ξ = 0, such behaviour is clearly problematic. This feature is not proper only of linearized gravity, but also of free electromagnetism, written in terms of the vector potential. The solution in all these cases is to exploit gauge invariance, namely to look for a suitable gauge fixing which makes the dynamics hyperbolic and, upon a conformal transformation, controls all possible divergences due to the terms proportional to inverse powers of Ξ. While, in free electromagnetism, the standard Lorenz gauge is the right choice, for linearized gravity, the de Donder gauge is not suitable for this task. The problem was tackled in the literature, especially in connection to the stability of asymptotically simple spacetimes and an answer was found going under the name of Geroch-Xanthopoulos gauge [23] .
Let us now go into the details of the construction. As in the scalar case, the starting point is the identification of a suitable space of tensors living on future null infinity. Following [1] , we define
where n a = ∇ a Ξ and ∇ is the covariant derivative built out of g. The tensor q = ι * g where ι : I + → M and q ab is any inverse such that q ab q ac q bd = q cd . Subsequently we consider a vector subspace
where, for any λ, λ ′ ∈ S(I + ),
As for the real scalar case, the space of functions on future null infinity has been chosen since it enjoys two important properties:
1. It is a symplectic space if endowed with the following antisymmetric bilinear form:
where L n is the Lie derivative along the vector field n on I + .
2. the pair (S grav (I + ), τ I ) is invariant under the following representation Π of the BMS group (2.7): Let us fix a Bondi frame on I + , let (Λ, α(z,z)) ∈ BMS and let λ ∈ S grav (I + ); then, recalling (2.8),
In view of these properties of the space of functions, which we use on future null infinity, we can define an auxiliary * -algebra on I + :
Definition 3.5. We call * -algebra of fields for linearized gravity on future null infinity, F grav (I + ) =
Igrav (I + ) , where
Here S grav (I + ; C) = S grav (I + )⊗C whereas S grav (I + ; C) ⊗0 . = C. At the same time I grav (I + ) is the * -ideal generated by the relation λ⊗λ ′ −λ ′ ⊗λ−iτ I (λ, λ ′ )I, where I is the identity in T grav (I + ). The * -operation is complex conjugation.
The next step consists of associating to each classical linear observable in (M, g) an element of S grav (I + ). We follow again the procedure devised in [1] . First of all we remark that, to every [ǫ] ∈ L obs (M ), we can associate E P (ǫ ♭ ), which is a smooth and spacelike compact solution of (3.2) and thus also of (3.1). Definition 3.6. We call classical radiative observables, L rad (M ) the collection of all [ǫ] ∈ L obs (M ), for which E P (ǫ ♭ ) is gauge equivalent to a smooth and spacelike compact solution h of (3.1) in the Geroch-Xanthopoulos gauge, that is, setting γ ab = Ξγ Proposition 3.7. Let us endow L rad (M ) with the restriction of (3.5) thereon. Then, there exists a map Υ grav :
where τ I is defined in (3.6). Υ grav can be extended to a * -homomorphism ι grav : F rad (M ) → F grav (I + ) which is completely defined by its action on the generators, namely, for every
Notice that, contrary to the scalar case and due to our lack of control on the non-degenerateness of (3.5), we cannot conclude that ι grav is injective. Yet this is no obstacle for constructing states on F rad (M ) via a pull-back of those for F grav (I + ). Before investigating this problem, we need to answer an important question, namely if L rad (M ) coincides with L obs (M ). In the original paper [23] , it appeared as if every smooth and spacelike compact solution of (3.1) could be transformed into one in the Geroch-Xanthopoulos gauge. Yet, a closer investigation of the procedure unveils the presence of obstructions. Most surprisingly it turns out that problems arise in implementing (3.8a) rather than (3.8b). More precisely let h ∈ Γ(S 2 T * M ) be a solution of (3.1) and let h ′ = h + ∇ S χ, χ ∈ Γ(T * M ). Then, a direct computation shows that h ′ satisfied (3.8a) if and only if
where the square brackets between the subscripts stand for total antisymmetrization, including the prefactor 1 2 . This identity entails that v ∈ Γ(T * M ) must be a co-exact 1-form, a property which is not obviously enjoyed. In [4] it has been proven the following: Proposition 3.8. Let h = E P (ǫ ♭ ) with [ǫ] ∈ L obs (M ). Then h is gauge equivalent to a solution of (3.1) if and only if Tr(ǫ) = g ab ǫ ab is the codifferential of a compactly supported 1-form. Proposition 3.8 offers a more practical condition to verify the implementability of the Geroch-Xanthopoulos gauge, although the question is still non trivial since one has to account for two mixing conditions, ǫ being divergence free and its trace being co-exact. Yet, in [4] it has been proven that, while on Minkowski spacetime the hypotheses of Proposition 3.8 are met, there exist asymptotically flat, globally hyperbolic and Ricci flat spacetimes for which they are not. Most notably it suffices that the Cauchy surface Σ of (M, g) is diffeomorphic to X ×S 1 , X being a codimension 1 submanifold of Σ and that that g admits a Killing field along S 1 . Having understood under which conditions radiative observables coincides with all classical linear ones, we can revert to our main investigation, namely the construction of Hadamard states. At this stage the procedure will be identical to the one described in Section 2.1 and we shall only sketch the key points. The starting one is Proposition 3.7 and in particular the * -homomorphism ι grav . First of all we identify a distinguished quasi-free state for F grav (I + ): 
9) where dS 2 (θ, ϕ) is the standard line element on the unit 2-sphere, unambiguously defines a quasi-free state ω ℑ : F grav (I + ) → C. Furthermore:
1. ω ℑ induces via pull-back a quasi-free bulk state ω M :
2. ω ℑ is invariant under the action Π of the BMS group induced by (3.7) on F grav (I + ).
Notice that we use the symbol Π with a slight abuse of notation since we have already introduced it to indicate in (3.7) the representation of the BMS group on S(I + ). Since F grav (I + ) is built out of S(I + ) we feel that no confusion can arise. As a last step we need to combine (3.9) with Definition 3.4 to conclude that, for all those asymptotically flat and globally hyperbolic spacetimes for which E obs (M ) = E rad (M ), it holds -see [4] for the proof: 
